In this article, by using the fixed point method, we prove the generalized Hyers-Ulam stability of biderivations from an algebra to a modular space, associated to bi-additive s-functional inequalities.
Introduction and preliminaries
Let A be an algebra over the real or complex field F and let X be an A-module. An additive mapping d : A → X is said to be a derivation if the functional equation d(xy) = xd(y) + d(x)y holds for all x, y ∈ A. Furthermore, if d(αx) = αd(x) is valid for all x ∈ A and for all α ∈ F, then d is called a linear derivation. A bi-additive mapping d : A × A → X is called a biderivation, if d is a derivation on each component.
The problem of stability of functional equations was formulated by Ulam [28] in 1940, concerning the stability of group homomorphisms. In the year 1941, Hyers [8] provided a partial solution to Ulam's problem. Hyers's theorem was generalized by Aoki [1] for additive mappings and by Rassias [24] for linear mappings by considering an unbounded Cauchy difference. During the last decades several stability problems for various functional equations have been investigated by several authors. We refer the reader to the monographs [2, 3, 6, 7, 25] . The stability result concerning derivations on operator algebras was first obtained byŠemrl [26] . The reader may found more about the stability of derivations in [4, 5, 18, 20, 21] . Shateri and Sadeghi in [27] investigated the generalized Hyers-Ulam stability and superstability for derivations from an algebra to a modular space. The theory of modular spaces were founded by Nakano [17] and were intensively developed by Luxemburg [14] , Koshi and Shimogaki [12] and Yamamuro [29] and their collaborators. In the present time the theory of modulars and modular spaces is extensively applied, in particular, in the study of various Orlicz spaces [19] and interpolation theory [13, 15, 16] .
if and only if α + β = 1 and α, β ≥ 0, then we say that ρ is a convex modular.
A modular ρ defines a corresponding modular space, i.e., the vector space X ρ given by
Let ρ be a convex modular, the modular space X ρ can be equipped with a norm called the Luxemburg norm, defined by
A function modular is said to satisfy the ∆ 2 -condition if there exists κ > 0 such that ρ(2x) ≤ κρ(x) for all x ∈ X ρ . Definition 1.2. Let {x n } and x be in X ρ . Then (i) the sequence {x n }, with x n ∈ X ρ , is ρ-convergent to x and write x n
The modular ρ has the Fatou property if and only if ρ(x) ≤ lim inf n→∞ ρ(x n ) whenever the sequence {x n } is ρ-convergent to x. Remark 1.3. Note that ρ(.x) is an increasing function, for all x ∈ X . Suppose 0 < a < b, then property (iii) of Definition 1.1 with y = 0 shows that ρ(ax) = ρ a b bx ≤ ρ(bx) for all x ∈ X . Moreover, if ρ is a convex modular on X and |α| ≤ 1, then ρ(αx) ≤ αρ(x) and also ρ(x) ≤ 1 2 ρ(2x) for all x ∈ X .
Let A be an algebra and let f : A × A → X ρ be a mapping. In this paper, by using some ideas of [22, 23] we solve the bi-additive s-functional inequalities
and
where s is a fixed nonzero complex number with |s| < 1. Then we prove the generalized Hyers-Ulam stability for biderivations from an algebra to a modular space, associated to above bi-additive s-functional inequalities.
Main results
Throughout this paper, we assume that A be an algebra and X a ρ-complete modular space with the convex modular ρ in which has the Fatou property and satisfies the ∆ 2condition with 0 < κ ≤ 2. 
for all λ ∈ T, s < 1 and x, y, z, w ∈ A. Then f is biadditive.
Proof. Letting x = y, w = 0 and λ = 1 in (2.1), we obtain 2f (2x, z) = 4f (x, z), for all x, z ∈ X . So we have
for all x, y, z, w ∈ X . Letting w = 0 in (2.2), since |s| < 1 we get
and so
for all x 1 = x + y, y 1 = x − y and z ∈ A. Since |s| < 1 and f (0, z) = 0, for all z ∈ A, we deduce that f is additive in the first variable. Similarly, one can show that f is additive in the second variable. Hence f is bi-additive.
In following, we give the stability of biderivations from an algebra to a modular space associated to the s-functional inequaltiy 1.1. 
and lim n→∞ ψ(2 n x, 2 n y)
for all x, y ∈ A and a constant 0 < L < 1. Then there exists a unique bi-additive mapping
for all x, z ∈ A.
In addition, if the mapping d :
for all x, y, z ∈ A, then d is a biderivation.
Proof. Consider the set
We define the function ρ on E as follows,
Then ρ is convex modular. It is sufficient to show that ρ satisfies the following condition
if α, β ≥ 0 such that α + β = 1. Given ε > 0, then there exist c 1 > 0 and c 2 > 0 such that
If α, β ≥ 0 and α + β = 1, we get
Moreover, ρ satisfies the ∆ 2 -condition with 0 < κ < 2. Let {δ n } be a ρ-Cauchy sequence in E ρ and let ε > 0 be given. There exists a positive integer n 0 ∈ N such that ρ(δ n −δ m ) ≤ ε for all n, m ≥ n 0 . Now by considering the definition of the modular ρ, we see that
for all x, z ∈ A and n, m ≥ n 0 . Let x be a point of X , (2.7) implies that {δ n (
for each x, z ∈ A. Therefore we can define a function δ :
for any x, z ∈ A. Letting m → ∞, then (2.7) implies that
for all x, z ∈ A. By the assumption and the last inequality, we get
for all x, z ∈ A. Hence, ρ(T δ − T γ) ≤ L ρ(δ − γ), for all δ, γ ∈ E ρ so T is a ρ-strict contraction. We show that the ρ-strict mapping T satisfies the conditions of [11, Theorem 3.4] . Letting x = y, λ = 1 and w = 0 in (2.3), and since ρ(.x) is increasing we get
for all x, z ∈ A. Since ρ is convex modular, for all x, z ∈ A we have
for all x, z ∈ A. By induction we obtain
for every x, z ∈ A and n, m ∈ N, which implies that
for all n, m ∈ N. Therefore δ ρ (d) < ∞. By [11, Lemma 3.3] we deduce that {T n (d)} is ρ-converges to D ∈ E ρ . Since ρ has the Fatou property (2.9) gives ρ(T D − d) < ∞. If we replace x by 2 n x in inequality (2.8), then
for all x, z ∈ A. Therefore ρ(T (D) − D) < ∞. It follows from [11, Theorem 3 .4] that ρ-limit of {T n (d)} is fixed point of T . If we replace x by 2 n x and y by 2 n y and λ = 1 in inequality (2.3), then we obtain
for all x, y, z, w ∈ A. Hence, 
for all x, y, z, w ∈ A. Hence D is C-linear in the first variable. Moreover by (2.9) the inequality (2.5) is valid. Now if D * is another fixed point of T , then
Since T is ρ-strict contraction, we get for all x, y, z ∈ A. Since d(x, z) = D(x, z), for all x, z ∈ A, it follows that d is a biderivation.
Let A be a normed algebra. It is known that every normed space is modular space with the modular ρ(x) = x and κ = 2. If in Theorem 2.2 we put ψ(x, y) = √ θ( x p + y p ) and L = 2 p−1 such that θ ≥ 0 and p ∈ [0, 1), and let A be a normed algebra, then we get the following result. 
for all λ ∈ T, p ∈ [0, 1) and x, y, z, w ∈ A. Then there exists a unique bi-additive mapping D : A × A → X ρ which is C-linear in the first variable, such that
for all x, z ∈ A. In addition, the mapping d : A × A → X ρ satisfies d(2x, z) = 2d(x, z) and
for all x, y, z, w ∈ A, then d is a biderivation. 
for all λ ∈ T, s < 1 and x, y, z, w ∈ A, where ψ : A 2 → [0, ∞) is a given mapping such that
and lim n→∞ 2 n ψ( x 2 n ,
12)
for all x, z ∈ A and a constant 0 < L < 1. Then there exists a unique bi-additive mapping D : A × A → X ρ which is C-linear in the first variable, such that
In addition, the mapping d : A × A → X ρ satisfies d(2x, z) = 2d(x, z) and 
Proof. Letting x = y, w = 0 and λ = 1 in (2.17), we obtain 2f (2x, z) = 4f (x, z), for all x, z ∈ A. Since |s| < 1, so we have
for all x, y, z, w ∈ A. Letting w = 0 in (2.17), since |s| < 1 we get
for all x 1 = x + y, y 1 = x − y and z ∈ A. Since |s| < 1 and f (0, z) = 0, for all z ∈ A, we deduce that f is additive in the first variable. Similarly, one can show that f is additive in the second variable. Hence f is bi-additive. 
